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Nonlinear mechanics of cracks subjected to
indentation 1

A.P.S. Selvadurai

Abstract: The paper presents the application of a boundary element technique to study the behaviour of plane cracks
that are located at corner regions of an elastic solid and open during indentation. In particular, the surfaces of the planes
on which indentation takes place also exhibit Coulomb frictional responses and degradation in the friction angle with
plastic energy dissipation. An incremental boundary element formulation, in which special singularity elements model the
behaviour at the crack tip, is used to examine the crack problems. The methodology is applied to investigate the mode I
stress intensity factor at the crack tip located at the base of a V-notch in a test specimen.
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Fig. 1. Opening of a crack at the base of a notch by the frictional indentation with a rigid wedge.
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relative displacement at the interface. It is also possible to in-
troduce into eq. [6] an initial traction state derived through con-
sideration of a previous history of loading. The boundary con-
ditions (eqs. [4]–[6]) should make up the complete boundary
(i.e., S = S1 � S2 � S3). Applying boundary conditions of
eqs. [4] and [5] to the boundary element method system matrix
and omitting the boundary condition of eq. [6], we can write

[7]
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where �f is a loading factor;{B } is the vector from prescribed
boundary values; [hij ] and [gij ] are the coef�cients matrices
from the fundamental solutions; and the suf�xes indicate the
location of the boundariesS1, S2, andS3. Equation [7] cannot
be solved, because the boundary condition onS3 has not been
applied. This is, however, the boundary element method system
equation, with the boundary condition onS3 to be determined.

3. Interface responses

The study of interface responses has been a topic of interest to
scientists and engineers alike and can be attempted at a variety
of levels, ranging from local-scale models to phenomenological
approaches. The former consider a level of re�nement that is
not accounted for in a purely phenomenological approach (Be-
lak 1993; Bushan 1995). This level of re�nement is a drawback,
because it requires the determination of sophisticated constitu-
tive parameters through experimentation; furthermore, the in-
terpretation of such experiments can be attempted only through
a set of phenomenological models themselves. For engineer-
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whereW(p)
x is given bytx �R(p)

x , which is the term correspond-
ing to the plastic work of the tractions tangential to the failure
plane. This plastic work is responsible for the degradation of
the asperity angle, which, for example, can be expressed in the
form

[18] � = � 0 exp
�
ŠcW(p)

x

�

where� 0 is an initial asperity teeth angle, andcis referred to as a
degradation constant. In instances where the elastic stiffnesses
at the interface have only the normal and shear components
(i.e.,E(e)

ij = 0 wheni �= j ),
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Fig. 3. Node arrangement for calculation of stress intensity
factors at a crack tip.

whereci (i = 0, 1, 2) are constants. The accuracy of result-
ing formulations has been examined in detail, and references
to comparison exercises are given by Aliabadi (1997). Other
examples are also given by Selvadurai and Au (1988, 1989),
Selvadurai and ten Busschen (1995), and Selvadurai (2000).

The incorporation of a special singularity element permits the
evaluation of the stress intensity factors at the crack tip. Gen-
erally, for the problems with in-plane deformations discussed
here, only the mode I and mode II stress intensity factors are
relevant. The increments in these stress intensity factors can
be determined by a displacement correlation method, which
makes use of the increments of the nodal displacements at four
locations, A, B, C, and E, and the crack tip D (Fig. 3). The in-
cremental estimates for the stress intensity factors are given by

[29] �K I =
2G

(k + 1)
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wherel is the length of the crack-tip element; and points A, B,
C, E, and D are as indicated in Fig. 3.

5. Localized iterative solution procedures
In the solution of the nonlinear interface problem, the con-

ditions on the surfaceS3 need to be determined during the in-
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Fig. 4. The iteration procedure for the nonlinear analysis: (a)
incremental analysis; (b) iteration within an increment, detail at A.



772 Can. J. Civ. Eng. Vol. 33, 2006

Fig. 6. Mode I stress intensity factor at the crack tip extending from a notch.

Fig. 7. Mode I stress intensity factor at the crack tip extending from a notch.

7. Concluding remarks
The mechanics of cracks can be in�uenced by the nonlinear

processes that can either be present within the crack region or
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Fig. 8. Mode I stress intensity factor at the crack tip extending from a notch.

Fig. 9. Mode I stress intensity factor at the crack tip extending from a notch.

tions, namely, the mode I stress intensity factor at the crack
tip, is in�uenced by the frictional properties of the contact zone
and the parameter that describes the deterioration of the fric-
tion angle with plastic energy dissipation in shear. In general,
the effect of friction on the contact zones is to reduce the stress
intensity factor due to indentation that is observed at the basal

crack tip. The absence of friction invariably results in a greater
separation of the faces of the wedge, resulting in the genera-
tion of the greatest magnitude of stress intensity factor, which,
for the purely elastic problem, is directly proportional to the
applied load. The decay of the frictional characteristics at the
contact region also contributes to the increase in the stress in-
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Fig. 10. The indentation of a notched cylinder containing a basal
crack.

tensity factor at the crack extending from the base of the wedge
region.
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